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Exercise 1: L ={a"b" | n > 0}

P = ({qo, q1. a2, a3}, {a, b},{0,1},4, g0, 0, {q3})

a,0/10 % b,1/e % €,0/€
start —( qo @

€,0/¢

Each a pushes a 1 (the first one onto the start symbol 0); each b pops a 1. When the
start symbol 0 is exposed again the input is balanced and we accept. The bottom edge
accepts € (the case n = 0).



Exercise 2: Equal Numbers of a’s and b’s

L ={w € {a,b}" | na(w) = np(w)}
® |dea. On each a push a counter 0; on each b pop one.

(abab, Zy) — (bab,0Zy) — (ab, Zy) — (b,0Zy) — (€, Zp)

® \When a prefix has more b's than a's, push a negative counter 1 for the b's to be
matched later.

(bbaa, Zy) — (baa, 1Zy) — (aa,112Zy) — (a,1Zy) — (g, Zo)

P = ({qo,q1},{a, b},{0,1, Zo}, 4, qo, Zo, {a1})

a,Zy/0Zy a,0/00 b,0/e
b,ZQ/].ZO b,l/ll a,l/e

€, 20/Zo
start —( qo @




Exercise 3: L = {a'b/ck|i=jVvi=k}

L={abck
holds: Ly = {a'bick |i=j}or Lo ={a'bick|i=k}.

P=({qo,--.,q6},{a, b, c},{0,1},0,40,0,{qs,q6})

a, 0/10 a, 1/11 b,0/0 b, 1/1 ¢, 1/e

€,0/0 q e, X/ X g e, X/X g €,0/0

i=jVi=k)}. Guess nondeterministically which case

start —( qo 1 U
\v\ ] 0/0
b,1/e c,0/0

X €{0,1}. Top (i = k): skip b's, pop on c¢'s. Bottom (i = j): pop on b's, skip c¢'s.

O,



Configurations of a PDA

A configuration (or instantaneous description, ID) of a PDA records its state and stack
contents together with the remaining input.
An ID is a triple (g, w,7), where

® g is the current state,
® w is the remaining input, and
® « is the stack contents (top at the left).

Move relation

Suppose (g, aw, XB) is a configuration and (p, &) € 6(q, a, X), where a € ¥ U {€e}.
Then the PDA moves in one step to (p, w, af):

(g,aw, XB) = (p, w,af3)

We write * for the reflexive-transitive closure of - (zero or more moves).



The Language of a PDA: Acceptance by Final State

Definition (Acceptance by Final State)
Let P=(Q,X,T,0,qo, Zo, F) be a PDA. The language of P accepted by final state is

L(P)={weX"|(qo,w,Zp) " (q,€,a) forsome g € F, a € T*}.

The PDA accepts w if, after reading all of w, it can reach a final state — regardless of
what remains on the stack.



Example: Acceptance by Final State

0,20/020 1, Zo/1Zo
0,0/00 0,1/01
1,0/10 1,1/11 0,0/ 1,1/e

€, 20/Zo
€,0/0¢ 1/1 €, Z0/Z0
q @

start —( 4o w

This PDA accepts the even-length palindromes over {0, 1}. For example, it accepts

1111 because
(qo, 1111,20) F* (QQ,E,Z()).



Another Definition: Acceptance by Empty Stack

Definition (Acceptance by Empty Stack)

Let P=(Q,X,T,0,qo, Zo, F) be a PDA. The language of P accepted by empty stack
is
N(P)={w e X" | (qo,w,Zo) F" (q,¢€,¢€) for some g € Q}.

The PDA accepts w if it can consume all of w and empty its stack. Final states are
irrelevant, so we drop the F component:

(Q. %, 1,4, qo0, Zo)



Examples: L(P) vs. N(P)

0,20/0Z0 1, Zo/1Z,
0,0/000,1/01 1,0/10 1,1/11 0,0/e 1,1/e

€,20/Zo
7 €£,0/0¢€,1/1 4 €, 20/ 2o 4
start —( Qo 1 2
(@) (o)
With the final-state edge €, Zy/Zg to qo:
® L(P)={wwf|w e {0,1}*}, the even-length palindromes.
e N(P) =), since Zy is never popped and the stack is never emptied.

If instead the last edge popped Zj (i.e. €, Zy/€ into @), then
N(P) = {wwf | w e {0,1}*} as well.



Equivalence of Final State and Empty Stack

Theorem (Equivalence)

For any language L, there is a PDA Pg with L = L(Pg) if and only if there is a PDA
Py with L = N(Py).

The theorem follows from two constructions:

Lemma (Empty Stack = Final State)
For any PDA Py = (Q, %X, T,dn, qo, Zo), there is a PDA Pr with N(Py) = L(PF).

Lemma (Final State = Empty Stack)
For any PDA Pr = (Q,%,T,0F, qo, Zo, F), there is a PDA Py with N(Py) = L(PF).



From Empty Stack to Final State

Given Py = (Q, %, T, 0N, qo, Zo), define

PF = (Q U {po, pf}, Z, My {Xo}, 6Fy Po, Xo, {pf})

where:

1. 6r(po, &, Xo) = {(qo, ZoXo)}
(push Zy above a fresh bottom marker Xg, then start Py).

2. ForallgeQ,acxU{e}, YeT:0e(q,a,Y)Ddn(qg,aY) (simulate Py).
3. For all g € Q: d¢(q, €, Xo) contains (pr, €).

Xo becomes exposed exactly when Py would have emptied its stack; Pr then moves to
the final state pr. Hence w € L(Pg) iff w € N(Py).



From Empty Stack to Final State: Construction Diagram

€, Xo/ZoXo

/\ €, Xo/€
start —( Po \Ijv/ @

From any state of Py, once the original stack is empty the marker Xg is on top, and an
e-move carries the machine into the new accepting state pr.



From Final State to Empty Stack

Given P = (Q,X,T,d8F, qo, Zo, F), define

Pv = (Q U {po, p}, >, T U{Xo}, dn, po, Xo)

where:

- 0n(Po. €, Xo) = {(qo, Z0X0)}.

2. Forallge Q, ac = U{e}, Y eTl:dn(g,a,Y)2D0e(q,aY).
3. Forallge Fand Y e TU{Xo}: dn(q,€,Y) contains (p, €).
4. ForallY e TU{Xo}: dn(p,e,Y)={(p,e)}.

—_

Once Pr reaches a final state, Py may enter the “erasing” state p and pop the entire
stack (including Xg), emptying it.



Equivalence of PDA’s and CFG’s

Theorem

The following three classes of languages are all the same:
1. The context-free languages, i.e. the languages defined by CFGs.
2. The languages accepted by final state by some PDA.
3. The languages accepted by empty stack by some PDA.

e-stack — final
construct

/\ /—\
CFG PDA (empty stack) PDA (final state)
\_/ \_/

construct .
final — e-stack



From CFG to PDA

Given a CFG G = (V, T, P, S), build a PDA (accepting by empty stack) with a single
state that simulates leftmost derivations on its stack:

P=({q},T,VUT,d,q,5)

where:
® [or each variable A€ V,

0(q.e,A) ={(a.8) | (A—=pB) isin G}.

(Replace a variable on top by the right-hand side of one of its rules.)
® For each terminal a € T,
6(g.a,a) ={(q.€)}.
(Match a terminal on top against the input and pop it.)
The stack always holds the unmatched suffix of a sentential form; the PDA empties it
exactly on the strings G derives.



Example: CFG to PDA (Balanced Parentheses)

=({B}L{()},R.B), B — BB | (B)|¢
The corresponding single-state PDA P = ({q},{(,)}, {B.(,)}.d, q, B) has:

0(q.6,B) = {(q.BB), (q.(B)), (q.¢)}
0(g..O = {(g.8)}
0(q,),)) = {(gq.¢)}

For example, the input () is accepted via

(g.0).B)F(q.().(B)) - (q.).B)) - (a.,).)) - (a.¢€, ).



From PDA to CFG

Given a PDA P =(Q, X%, T, 4, qo, Zo) accepting by empty stack, build G = (V, %L, R, S)
with variables
V={Stu{lpXqllp.gc@Q, XeT}.

[pX q] generates exactly the strings w with (p, w, X) F* (q, €, €): going from p to q, P
reads w and its net effect is to pop X.
The rules R are:

1. Forevery pe Q: S — [qoZop].

2. For every (r,Y1Y>---Yx) € 0(q,a, X) with a € ¥ U {e}, and every choice of states

I’1,...,I’k€QZ
[gXr] — alrYin][nYaor] - [r—1Yirk].

If k =0 (the move pops X), the rule is simply [gXr] — a.
Then L(G) = N(P).



Example: PDA to CFG

A one-state PDA P = ({q}.{i,e},{Z}.,90, q, Z) that accepts by empty stack:

0(q,i,2) = {(q,22)} (an if pushes one more Z)
0(q.e,Z2) = {(q,¢)} (an else pops one Z)

With one state and one stack symbol, the only triple is [qZq]:
* S —[qZq]
® From d(q,i,Z)>(q,ZZ) withn =q: [qZq] — ilqZq][qZq]
®* Fromd(q,e,Z) > (q,€): [qZq] — e
Writing A for [qZq]:
S5 A A iAA|e

For example, iee is derived by S = A= iAA = ieA = iee.



Deterministic Pushdown Automata

Definition (DPDA)
APDA P=(Q,%,T,d,qo, Zo, F) is a deterministic PDA (DPDA) if it makes at most
one move at a time:

1. [6(g,a, X)| < 1forevery ge Q, ac “U{e}, X eT.

2. If 6(q,a, X) # ) for some a € &, then d(q,e, X) =0
(no choice between reading and an e-move).

Definition

A language L is a deterministic context-free language (DCFL) iff L = L(P) for some
DPDA P.




DCFLs: Where They Sit

® Fact 1. DCFLs include some non-regular CFLs. For example,
L={a"b" | n>0}

is a deterministic context-free language (we never need to guess).

® Fact 2. DCFLs do not include all CFLs. For example,
L={wwf|we{a b}*}

is context-free but not deterministic: a DPDA cannot guess the midpoint of the
string.



Regular Languages and DCFLs

Fact 3. DCFLs include all regular languages.

Theorem
If L is regular, then L = L(P) for some DPDA P.

Proof.
Let A= (Q,%,d4, qo, F) be a DFA for L. Construct the DPDA

P = (szv{ZO}vapv quZO'F)

where dp(q, a, Zy) = {(p, Zo)} whenever d4(q, a) = p. The stack is never used; P
tracks the DFA's state. Then (qo, w, Zo) F* (p, €, Zo) iff 04(qo, w) = p, so
L(P)=L(A)=L. H



DPDA’s and Ambiguous Grammars

Fact 4. Every DCFL has an unambiguous grammar.

Theorem
If L = L(P) for some DPDA P, then L has an unambiguous grammar.

Fact 5. DCFLs do not include all unambiguously-generated CFLs. The language
L={wwf|we {a b}*}
has the unambiguous grammar
S — aSa | bSb | €

yet is not a DPDA language (by Fact 2).



Summary

A PDA is a finite automaton with a stack.

A PDA is strictly more powerful than an FA: PDAs recognize exactly the
context-free languages.

® Acceptance by final state and by empty stack are equivalent.
® PDAs and CFGs define the same class of languages.

Still limited: e.g. {ww | w € ¥*} is not context-free.
DPDAs sit strictly between FAs and PDAs:

RL C DCFL C CFL.

A broader question. What if we give an FA other external storage — a queue, two
stacks, or random-access memory? Does that increase its language-recognizing power?



